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1. Introduction

While QCD has been unequivocally established as the theory of strong interactions, the
resolution of one of its mysteries, the U(1) problem, has remained somewhat unsatisfying.
The U(1) problem is that the Lagrangian of QCD

1 Iy _
Lqcp = 4—92G,2W +q'Dq" + My, Gig; (1.1)
S

has, in the massless limit, a global chiral U(1) 4 symmetry, under which ¢; — 975 ¢;, which
does not seem to be reflected in the spectrum of light pseudoscalar mesons. The formation
of quark condensates (giq;) ~ A3QCD5Z']~ spontaneously beaks the U(3)r, x U(3)r symmetry
of massless QCD down to a diagonal U(3)y, which should result in a nine pseudoscalar
pseudogoldstone bosons. The problem is that, with masses included, chiral perturbation
theory unambiguously predicts a neutral pseudoscalar meson whose mass is strictly less
than v/3m, [[l]. However, the true hadron spectrum contains only the regular 7° (140),
the 7 (549), and the 7/(957), so the chiral perturbation theory bound is clearly violated.
Actually, the U(1) problem is little more subtle; the U(1) 4 is anomalous, i.e. broken
by quantum effects. Mathematically, while the QCD Lagrangian is invariant (except for
the mass terms), the functional measure in the path integral is not, and so a chiral rotation
results in
Lqocp — Lgep + Hg—;GWéW (1.2)

where é;w = %euuaﬁGaﬁ- The simplest solution of the U(1) problem is then to say that
the U(1)4 symmetry is not really a symmetry at all, so there should be no corresponding
pseudogoldstone boson [, ff]. However, from the QCD side it is hard to see how the new
term in ([l.4) could make any difference. Because it is a total derivative, any Feynman



diagram involving the anomaly carries a factor of zero for total momentum. Thus, the new
term does not contribute at any order in perturbation theory, and therefore the solution
must be non-perturbative.

If we accept that U(1)4 is not a symmetry, the pseudoscalar sector can be modeled
in the chiral Lagrangian [B, [, f]. In full generality, the chiral Lagrangian has five free
parameters, corresponding to a scale for the U(1) breaking, and four decay constants
characterizing the interaction strength between the 1 and 7’ mesons and the J,SO) and J,(f)
currents [@, E] The number of parameters can be reduced, for example by going to the
large N, limit, but a few parameters at least remain. In particular, none of the assumptions
allow a first-principles calculation of the 1’ mass.

The first convincing resolution of the U(1) problem was given by 't Hooft [f], who
argued topological instanton configurations of the QCD vector potential can contribute
to the path integral through the anomaly. The instanton contributions are suppressed by
factors of exp(—1/g2), which can be significant only for large gs, i.e. when QCD enters
the non-perturbative regime. However, instanton calculations generically have infrared
divergences, due to integrals over large instanton size, so it is impossible to use them for
precise quantitative calculations. Nevertheless, they seem to be the correct qualitative
solution. And, for example, using QCD sum rules [ﬂ}, they can be used to get a ballpark
estimate of the 7 mass (~ 1GeV).

Other non-perturbative insights into the U(1) problem have come from the lattice [§, [
Because the 7’ is critically sensitive to both quark loops and non-local field configurations,
it has been a challenge to simulate. Nevertheless, the lattice has been remarkably successful
in this case, and a recent estimate [§] puts the 1’ at 871 & 46 MeV, which is within 10%
of the experimental value. This is absolute confirmation that QCD itself solves the U(1)
problem. But it is hard to get any qualitative understanding from such a purely numerical
approach.

In this paper, we propose that the pseudoscalar mesons can be studied both qual-
itatively and quantitatively with a non-perturbative framework based on the AdS/CFT
correspondence [[(]. This framework has already produced an impressive post-diction of
the meson spectrum, decay constants, and couplings [[[1]-[[J]. It has also led to some new
insights into observations about QCD, such as vector meson dominance [[[J], and the struc-
ture of tensor mesons [[[J]. Thus, it is natural to ask whether it can say anything about
the U(1) mystery of QCD.

The approach to AdS/QCD we take in this paper is completely bottom up. Although
the AdS/CFT correspondence began strictly as a duality between a four-dimensional con-
formal gauge theory and a 10-dimensional string theory, it is difficult to make any quan-
titative predictions about QCD from the string side. Early work, studying for example,
the glueball spectrum of a large-N theory [[4], had some success when compared to lattice
results; but to study real world QCD, with three flavors and massive quarks, we would need
much more information about the string dual of QCD than is currently known (see, for
example [[[5]). Instead, we assume that whatever the string theory is, it must contain bulk
modes dual to the various local operators of QCD. To reproduce the conformal behavior of
the asymptotically free regime of QCD, these modes will propagate on a background close



to Anti-deSitter space. It turns out this is enough information to reproduce a number of

non-trivial quantitative predictions about QCD at low energy.

2. Setup

The setup is a five-dimensional space, with background metric

2
ds* = w(zz) (dxi —dz?) (2.1)
In pure AdS the warp factor is w(z) = 1, but we will allow for background corrections
due to deviations from conformality. The extra dimension can be thought of as energy,
with small z representing high energy. Thus we model the IR, where QCD is strong, by
boundary conditions at a point z, ~ 1/Aqcp. We also impose boundary conditions at
z = 0, high energy, where QCD approaches a trivial conformal fixed point. Thus the
gravity background is modeling energies between Aqcp and infinity.

For this 5-D description to be equivalent to QCD, it should reproduce QCD correlation
functions of external currents. These appear as probes in the UV. For each QCD operator
which couples the vacuum to these currents, there must be a corresponding field in 5D which
also couples to the current. More generally, for each operator in QCD, there should be a
5D field. In our case, the currents of interest are JZ r and JZ 1, the right- and left-handed
U(3) currents. The corresponding fields are bulk gauge fields Ay, and Ar. The operator
¢iq; which spontaneously breaks U(3) x U(3) — U(3)y is represented by bifundamental
bulk scalars X;;. The fields X;; have interactions and a potential. However, this potential
is neither calculable nor relevant to low energy, so we simply parameterize this potential
and fit to data.

To study the U(1) problem, we now introduce a new complex field Y to represent the
square of the gluon field strength: Y ~ wa. We can think of the phase of Y as dual to
GG. We emphasize that identifying Y is not important for the low energy physics, we
only use it to manifest a linear representation of the symmetries. Thus our 5D Lagrangian,
including all terms allowed by symmetry, is

1 1 K
L=1/g {—4—92(F£ + FR) + Tr {|DX)* + 3|X|°} + §\DY\2 + §[YNf det(X) + h.c.]}
5
(2.2)
That X gets a 5D mass but Y does not follows form the AdS/CFT map between masses

and dimensions of operators. With these masses, the solutions to the equations of motion
for X and Y in pure AdSs are

Uij(Z) = O'Z'jzg + m;jz (23)

=t 40

(Xij)
Y)

These must correspond to the vacuum expectation values, (g;q;) ~ 045 ~ A?QCD and <Gﬁy> ~
=~ A%QCD and to the sources M, and gs. Thus the z-dependence of a field is seen
to match the scaling dimension of the corresponding operator. In the 3-flavor case, for



simplicity, we will assume that o;; = 0d;; (i.e., (5s) = (dd) = (uu)) and use only two
masses M = 1 (m,, +mgq) and m.
To study this theory, we will explore the pseudoscalar excitations around the X and

Y backgrounds.
Xij = (Xij>exp(i77b7'b) (2.5)
Y = (Y)exp(ia//2Ny) (2.6)

There are of course scalar excitations as well, but these are harder to study as they are
sensitive to details of the X and Y effective potentials. For the left and right U(3) gauge
fields, we will only need the axial combination A = Ar — A;. The longitudinal modes
of A, mix with the pions, so it is helpful to include them explicitly with the replacement
Ay — Oup. Then we get

1 v?
L= 2—22,(8MAIE); - 838M<pb)2 + Z 2.3 [(au@"b - a;mb)Q - (Ag - 3an)2
95 flavors
% 0 2 0 2 kK N 02
55| (048" = 0,0)* = (45 - 0.0)2] + S z0™ (a ") (2.7)

2z 2z
The 0 on 7" refers to the 79 = %diag(l, 1,1) generator of U(3), and an 8 superscript
will refer to the 78 = —_diag(1,1, —2) generator, in the u,d, s basis. Note that we have

V12

absorbed a constant into the definition of C, and absorbed factors of C into the definition
of k. We have also dropped = ~ (Gfu), as it is will be a subleading power correction in
everything that follows. Regardless of these conventions, it is simplest to regard eq. (R.7),
instead of eq. (R.9), as the starting point for phenomenological analysis.

In 4D the U(1) 4 symmetry is anomalous; it is broken by quantum effects. But quantum
effects in 4D correspond to classical effects in 5D, so the symmetry should be explicitly
broken in 5D. In unitary gauge, this is true. But in the form (R.7), we have restored the
symmetry with our “axion” Goldstone boson a. In fact the whole U(3) 4 is gauged, so there
is a local symmetry under which

Ab, — AS, + Oy
77b—>77b+ab
a—>a+a0

We can use this to set Ag = 0, however it is helpful to retain these modes to simplify the
calculations.

Because of the gauge symmetry, the fields ¢, and a are not strictly independent, but
they do have different physical meanings as can be seen by introducing external sources
(and notation). We define

0= @i (2.8)
(2

The U(1) 4 current is normalized as

V2N,

1 _
Ty = > Gvsi (2.9)
%



A source J3A26(z) on the UV brane leads to gpb(?ﬂij&(z) after introducing ¢ and integrating
by parts. So the source for ¢ is

b — b
Jb=0,J" (2.10)
Finally n° and a by definition correspond to specific 4D fields, so we have
_ « =
Jf; = gnqi75Tquj, Jo = ga8—7:2GG (2.11)

Note that we use constants g, and g, to normalize J;, and J,, while the normalization of
Jy, is set by the interaction strength g5 in the Lagrangian.

These currents help us identify our pseudoscalar fields. We see that although ¢, n and a
all mix they still have physical meanings: for a particular mode, a is the “glueball” compo-
nent and 7 and ¢ are the “quark” components of the corresponding mesonic wavefunction,
with ¢ related to the longitudinal mode of the axial vector field.

2.1 Matching to QCD

We will now calculate the parameters in our model by matching to the QCD operator
product expansion (OPE). Let us start immediately with the case of interest, 3-flavors,
massive quarks, and a physical 1. We will need to make use of the anomaly equation

0_»n 70 _ s\~ 1 o
Jp=0ul)) = \2N; GG + Nory > iMy a5 (2.12)

flavors

The anomaly shows up in the OPE [[L§, [(7]

Nra? 3
(plp) = =g @os @+ oo 3 MiQMog QP - (2.13)
flavors

As explained in detail elsewhere [[L1], [[3], correlations functions are calculated in 5D
by solving the equations of motion in the presence of a source. For example, this lets us
deduce that g5 = 27 in the case of interest, No = 3. For the ¢ correlator, which is relevant
for the anomaly, we can write

Q* .. 0:0%(2)
JOI0) = =5 lim =72 2.14
IR = = tim SF (2.14)
Here, °(z) is a bulk-to-boundary propagator, that is, a solution to the equations of motion
with ¢°(0) = 1. For this calculation, chiral symmetry breaking is irrelevant to leading order
and so we can set v = 0. The ¢ and AY equations of motion then become

o C?

1 0 0
0:20:0" — g5 (¢ —a) =0 (2.15)
G2C?0.a — Q*220,¢° = 0 (2.16)
These are solved perturbatively near z = 0 by

0 , C? 2.2 2C% 5 o 2.2

v =1 - g5 log(Q72%) + g5 1527 Q7 log(Q727) + - - (2.17)
1

o — _ZQ222 . (2.18)



Matching (2.14) to (R.13) leads to
o
= —=+/2N 2.1
c 27.‘.2 ! ( 9)

Note that for this matching we have assumed that oy is constant in the UV. Of course,
a, runs with scale, and it is therefore reasonable to assume that o would be a function of
z as the 1-loop QCD S function. Hence, we should take

o 1 1 /11 2
C=V6—"2 = =—|—=—N¢g—=N 2.20
\/_2712’ s Bolog(Aqepz)’ Fo 27 < 3 3 f> (2:20)
where Aqcp ~ z1. The fact that oy varies slowly in the UV, and that d,as ~ o2, makes
the above matching correct to leading order in as.
Instead of sourcing ¢° with 8,“]8 # 0, we can also consider pure gluodynamics and
source a by turning on GG. This will fix the normalization of J,. The QCD correlation

function of interest is [ff]

N A Y T ala a2 2
w(@ = (2266 (£266)) = -250"08Q (2.21)
which should match ) 5
1 C* .. ad.a
xt(Q) = %(Jam =z lim —5 (2.22)
For a solution with a(0) = 1. Solving the equations of motion perturbatively
1 1
a=1+ ZQQZQ — 3—2Q4z4 log Q%22 + - -- (2.23)
lets us deduce that c
o

S
We will use this later on to compute the topological susceptibility x¢(0).
Next, we would also like to consider modifications to the background due to devia-
tions from conformality, in particular the effect of the strange quark mass. Consider the

transverse part of the axial vector OPE

(JOT0) = (QuQuy — nuw@H)TTA + -+ (2.25)
1 1
Iy = T3 log Q* — @Mq@@ +-- (2.26)

The log Q? term on the right hand side is determined by conformal invariance and is used
to fit g5. The second term is the power correction in which we are interested now. By
dimensional analysis, this should modify the warp factor to

w(z) =1+ cs2t, ey ~ My(Gq) (2.27)

This warp factor modifies the axial-vector equation of motion to

o (mgz + 023)?

14 cq2?

9,47 9. A Q2
z

(+ ezt A (2.28)

23



We can solve this perturbatively in ¢4 ~ mgo. For my = o = 0, the solution is A%(2) =
Q2K1(Qz). Then, using the AdS Green’s function K'(z,2') [Lg], the perturbative inhomo-
geneous solution can be written as

Al(z) = /OO dz'K(z,2") [2g§mq0Q22K1(Qz) + 4C4Q223K0(Qz)] (2.29)
0
_(2mgo | Aen) 2
_< 3 +3>Q2+O(Z) (230

Thus AdS gives

1 0,A 2 9 dmgeo  8cy\ 1
II4 = lim = —<logQ@ —(—q—i—— — 4+ 2.31
=0giQ% = g 3 3¢2) Q1 (2:31)
Comparing to (R.26)), we deduce g5 = 27 and
3 4 LS
cr = 38 (M) = 3mas ) = =T (2.32)

The last equality follows from the Gell-mann-Oaks-Renner relation [[[].

2.2 Fitting to data

Having determined g5, C, g, and ¢4 from matching to the OPE, our Lagrangian is complete.
The remaining unknowns must be fit to data. We use

m,=T10MeV = z,! =323 MeV = Aqcp (2.33)

fr=93MeV = o= (333MeV)? (2.34)
my =140 MeV = 1 = 2.22 MeV (2.35)
mig =494 MeV = mg,=40.0 MeV (2.36)

This gives ¢4 = —0.676 for strange and ¢4 = —0.037 for up/down. Thus we are justified in
only turning on ¢4 for the strange quark. Keep in mind that although these“quark masses”
may seem small, care must be taken when comparing them to masses deduced from another
scheme.

There is one more parameter in our Lagrangian that remains, k. The k term cor-
responds to an entirely non-perturbative effect. However, it multiples a function which
grows like 23N/ so we expect it to act effectively like a boundary condition forcing
a(zm) = 1°(zm). Thus, we leave x as a free parameter and show that for the 7’ the results

are fairly independent of k for large k.

3. The n’

Having fit all the parameters in our Lagrangian (using only m,, fr,m, and mg), we can
now look at what masses are predicted. For the neutral pseudoscalar spectrum, there is a
competition between the quark masses, which force the  and 1’ into the ¢ and s bases,
and the anomaly and s terms, which push towards the n° and 7® basis. There are seven
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Figure 1: Masses of n and 7' as the parameters x and Aqcp are varied. In the k plot, we fix
Aqep = 320MeV = z.! and in the Agcp plot, we take x = co. Dashed lines are the experimental
values.

fields, 30078,770’8,/1(5)’8 and a, but we can use the residual gauge invariance to set Ag’8 =0.
Thus, to determine the 7 and 7’ masses, we need to solve a set of five coupled differential
equations. We find the smoothest numerical results if we use the equations of motion for
a, 0%, 0%, Al and Ag, where

2 1 1 2
0 __ q s 8 q s
=4/ - —— = —p!+ \/j 3.1
12 \/; \/380 2 380 380 (3.1)
The equations are

oo, \F | \/5 1
~ Hoa— = P R B a s _
0, 3 0,a el < 3% \/gcp a) + xkCv vs< 37— \/gn a)

2

0 (3.2)

0. 0.5 - Yo (g \[ \fq—is— — 0 (33)
¢t = g5 5 (" =) Lol :
Lhazly o 2v L 20 Lo )2
az 5 8290 — 95 3 (gp ) + 95 \/— 23 ( 3@ \/3@0 al =0 (34)

2
2220, — ggvgﬁznq - \/jg?)CQaza =0 (3.5)

222(1 + eu2)0,9° — g2v20.n° + —g 20%0,a = (3.6)

\/_

with vy = mgz + 023, vy = mgz + 02> and C given in equation (B:20). All the modes have
Dirichlet conditions in the UV and Neumann in the IR. To canonically normalize the fields,

we demand
2 2 2
v /US S S S C
/dz L—gnq«oq —n?)+ il (¢* =n°) + ;a(soo - a)] =1 (3.7)

The resulting masses are shown as a function of k on the left side of figure 1. These
curves are convergent, and the asymptotic values for large x, as compared to the experi-
mental central values (in MeV) are

my =520  (m;*" = 549) (3.8)
my =867  (my = 957)



So we are off by 5% and 9% respectively. We can also turn off the anomaly by lowering
Aqcp, as shown on the right in figure 1.

It is worth emphasizing that taking x — oo does not send m,; — oo. In the chiral
Lagrangian, there is a parameter like x which should be proportional to the anomaly [P, and
provides a mass term for the U(1) pseodoscalar. In that case, taking kK — oo does decouple
the 1/, and the correct ' mass can only be reproduced by tuning s against the other chiral
symmetry breaking terms in the Lagrangian. In AdS, we could have simply taken k = oo
to begin with, which would be a simpler model with & is replaced by a boundary condition.
However, we choose to allow & to vary because it gives us an additional handle on the U(1)
sector.

Next, we calculate the decay constants. There is not a single f;, and f,;. Instead, there
is a decay constant for each into the J% and J® currents.

(J5 10"y = i fao (3.10)
(T = ip" fos (3.11)

These can be calculated from the wavefunctions directly, using relations similar to those
in [[LJ]. For example, we solve the above differential equations with m = m,,, then evaluate

1 9,¢"

oo = — lim Z2 = 17.0 MeV (3.12)
95 z—0 Zz
1 0,¢%

s = = lim Z2 = 103 MeV (3.13)
95 z—0 Zz

Similarly

o = 129 MeV (3.14)
fys = —35.1 MeV (3.15)

So qualitatively, the 1’ is more n° and the n more 1®, as expected. These values can
be compared to decay constants extracted within chiral perturbation theory [[9]. It is,
however, misleading to represent this mixing in terms of angles because the |7°) and |n®)
components of the mass eigenstates |n) and |n') depend on z. This can be seen from
figure fl, which shows the profiles of the AdS wavefunctions of  and 7’.

These decay constants are not directly observable. What is observable are the neutral
pseudoscalar decays P — 77, which are mediated by the axial anomaly. Amusingly, the
form of this anomalous interaction in five dimensions was derived long go by Wess, Zumino
and Witten (WZW) [Rd, RI]. The bulk Chern-Simons (CS) term relevant for the decay to
photons is

3e2

— By Ve p AL Tr[Q2 7 3.16
272 B

Lcs =

where @ is the generator of electric charge. Here, Vap are components of the field strength
for the vector gauge field, Vjs(z), from which we want to extract the constant photon zero
mode by setting V,(z) = 1 (this normalization is consistent with (R.9), see [[3 for more
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Figure 2: Profiles of the bulk wavefunctions of the components of n (left) and n’ (right), for x = 20.
Because of the z-dependence, there is no simple mixing-angle interpretation.
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Figure 3: Decay amplitudes for n and 7’ as k and Aqcp are varied. Dashed lines are the experi-
mental values.

details about the photon). In addition to this bulk term, there is a WZW term on the IR

boundary at z = z,,
2

3e
Lwzw = ﬁﬁwpg Vi Voo Tr[Q37) (3.17)

which absorbs the anomaly. For constant V,, with A5 = 0 as usual, the CS term is a
total derivative, and therefore only the boundary WZW term contributes. Explicitly, the

amplitude is
2

¢ %n%zm) + %n%zm) (3.18)

Apr = 122 | 3

which leads to (as compared to the experimental values extracted from the observed decay
rates), in units of TeV~!

Apyy =243, (A =24.9) (3.19)
Ayyy =481, (AFED =31.3) (3.20)

These are the asymptotic values at large k. The variation of the decay constants with
and Aqcp is shown in figure ff.

We can also find the value of x which provides the best fit to the experimental val-
ues of my, my, Ay, and Ay.,. This is given by £ = 26.1 with m,, = 466 MeV,m,, =
792 MeV, A,y = 30.2 TeV ! and Ay, = 37.3 TeV~!. The RMS error is 18%.

,10,



4. Topological susceptibility, instantons, and 6

Now, let us turn to the topological susceptibility, x;. The standard argument is that if
there are massless quarks in the theory, then 6 is unphysical, and thus x; must vanish.
However, if all quarks are massive, or there are no quarks at all, then we expect x; to be
nonzero. These facts lead the Witten-Veneziano relation [23, for the 1’ mass at large
N¢

f2

IN; (m —|—m = 2m%,) (4.1)

Xt =

This relation, which gives x; = (171 MeV)4, is only approximate. It assumes all the
decay constants are equal, that the mesons have no glueball component, and that Ng
is large. Nevertheless, lattice seems to confirm these approximations [[J] by producing
= (191MeV)*. With our 5D construction, we can calculate the topological susceptibility,
the meson masses, and the decay constants directly, and furthermore we can wverify that
Xt vanishes only with massless quarks, from which the Witten-Veneziano relation follows.

Recall that
C? aldya

= — lim
Xt gg 250 23

(4.2)

for a solution with a(0) = 1. First, consider the case of pure gluodynamics. Then there
are no n or As fields, and the equation of motion at zero momentum is simply

0.~ 0.0=0 (4.3)

23
In the absence of a k term, it is simplest to just impose a(z,,) = 0 directly. Then the
solution is a(z) = 1— (i)4 =1-1(¢2/C?)xs2* from (fEF). Now suppose there are quarks.
In the limit that the anomaly is weak (for example at large N¢), we can do a perturbation
expansion in C. To leading order in C, the n — ¢ system decouples from the a mode.
Then from (BI3) we get (2) = 1+ 3g2 f,2% Then the equation of motion (E-16), with
Q? = —m% and using (R-19) and (R29), gives

2,
=— 4.4
= g fim? (1.4
which matches Witten-Veneziano.
To see that x; vanishes with massless quarks, we no longer assume that C' is small.
Then the  and As equations of motion (at ) = 0) are

4y2
@Waﬁ _ 0 (4.5)
(mgz + 02)?0,m — C*0.a = 0 (4.6)

If my = 0 then the only solution for n satisfying n(0) = 0 is n(z) = 0. Then a(z) must

be constant and the topological susceptibility vanishes. However, as long as m, # 0, there

4

is a solution with 7 ~ 22 and a ~ 2* near z = 0. In this case y; is nonzero. In fact, we

— 11 —



can solve the equations exactly for constant C' with 7(z,,) = a(z,) boundary conditions,
giving
2 3
« MgZm(MgzZm + 02 _
Xt _ S q m( q~m m) = 4 (47)

T w1202 £ myzp (mgzm + 023,) ™

For C = 0 this reduces to the result from pure gluodynamics. If C' # 0, then we can see
directly that my = 0 forces x; to vanish, as expected.

Note that we have not used the « term at all to calculate the topological susceptibility;
we have only used the fact that it leads to a(z,;,) = 0 in pure gluodynamics, or a(z,,) =
1(zm) if quarks are included. The x term is supposed to represent some non-perturbative
effects which are normally associated with instantons, so it is natural to ask if we can make
the connection more precise. In QCD the one instanton contribution to the topological
susceptibility can be calculated explicitly [, R4]

o
w@=-3 [ 1™ (@K (48)
Here, D(p) is the dilute-gas instanton density. For example, for No = 3, D(p) = (Aqepp) .
The Bessel function Ky appears as the Fourier transform of GG evaluated on a one-
instanton solution. This expression is divergent due to large instantons, so one normally
cuts off the integral at p = p. ~ Aéch.

In QCD it is not meaningful to compare the contribution of this specific gauge config-
uration to any particular calculation on the AdS side. This is because the five-dimensional
dual describes only gauge invariant quantities resulting from integration over all gauge
configurations, and it is not clear in which sense this particular configuration dominates
the integral. Nevertheless, in truly conformal theories, where the coupling constant is a
marginal parameter, it makes sense to compare non-perturbative contributions to correla-
tors (i.e. in powers of e~/ 92) between the CFT and the five-dimensional theory. Of course,
the axion would have a similar bulk description in such a case, the main difference being
the z-dependence of the k-like term in the dual to the CFT. We thus expect that the &
term contribution to some correlation function to have structures similar to those one gets
from integration over instanton size, since the bulk integration over the z-variable, must
ultimately reproduce the same correlation function in the CFT.

To see the similarity to the instanton calculation, let us look at the GG two-point
function from the bulk perspective. We can solve for a perturbatively around the confor-
mal limit. In the conformal approximation, there is no IR brane, and the axion bulk-to-
boundary propagator (with a(0) = 1) is

1 1
2382Z—332a(0) — QQa(O) =0 = a(o)(z) = 522Q21C2(Qz) (4.9)

Conformality is broken by the IR brane and by the s term. With these effects, the equation
of motion becomes 1 1
02z332—383a — C?Q% + —Hk(z)a=0 (4.10)
z z

where k(z) includes the non-conformal z-dependence of the x term. Now, we can get a
simple expression for the topological susceptibility by integrating the action by parts on
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the equations of motion

C? C? 1 _
/dz [?(8361)2 + ?QQ 2 ;n(z)aQ] = (C? lim

z—0 23

ad.a

=2Npx:(Q) (4.11)

If conformal invariance is a good approximation, we can estimate the effect of conformal

symmetry breaking by evaluating this expression on a(®). We thus find

Zm
W@ =g | 4" [G2:2K,(Q2))’ (4.12)
This has exactly the same form as the instanton contribution. Thus, the scale dependence
of the k term acts just like the instanton density and the IR brane provides a natural cutoff
on the integral over instanton size.

Finally, let us say a word about the QCD vacuum angle 6. This angle is intimately
tied to the solution of the U(1) problem. The argument, roughly, is that the topological
susceptibility must be nonzero to split the ' from the 1 and the 7°. Since the topological
susceptibility is the second variation of the effective action with respect to 6, there must
be sensitivity to 6 in QCD. Thus the strong CP problem, which is why the apparent value
of 6 is so tiny (# < 107?), must be taken seriously.

In AdS, there are three angles, appearing in the X and Y vevs, and in the x term.
We can write (X) = [(X)[e", (V) = [(Y)|e?® and k = |x[e??*. Since 0; and 6 come
from vevs, they can be functions of z (as in eqs. (2-3), (-4)), but 63, like %, should be a
constant. In full generality, #; can have flavor indices as well. This leads to

v T b anl? L CP 40 2 kK N 0 2

L=+ 0.0 =) + 548+ 0.a— )] + oo (a—n" —0s)?  (413)
Now, the axial symmetries in AdS are local gauge symmetries, so we can rotate 911’ and
6, into n° and a respectively. This leaves f3 = 6 as the physical vacuum angle. Although
the combination a — 7° couples directly to 6, it cannot be the physical axion which solves
the strong CP problem. Even though (a — 1°) = 6, # cannot be eliminated since it is a
and 7 which appear in the rest of the Lagrangian, not the orthogonal combination a + n°.
However, there is hope that since AdS allows a quantitative study of confinement, a strong-
dynamics based solution to the strong CP problem might be realizable.

5. Summary and conclusions

We have studied the U(1) problem through and extra-dimensional model inspired by the
AdS/CFT correspondence. This model is built from the bottom up, by fitting some param-
eters to perturbative QCD correlation functions and others to data. All of the parameters
in the model can be determined by the experimental masses of the 7, K° and p mesons,
and the pion decay constant f,. This is only one more experimental value than is needed to
define QCD itself (in QCD, we have the quark masses m, and mg and the value of Aqcp).
In particular, no strong-dynamics based observable, such as the topological susceptibility,
is needed to study the 7'. Instead, we only need the coefficient of the anomaly which is
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perturbatively calculable and 1-loop finite. The non-perturbative effects are represented
in our model with a x term, on which we have shown the observables are only weakly
dependent. Using this construction, we have calculated m,, = 867 MeV, which is 9% off
from experiment. We have also calculated its decay constants, and its coupling to photons,
as well as the analog quantities for the 1. The best fit for £ matches the four observables
to 18%.

In addition to being quantitatively precise, the extra-dimensional construction allows
for additional qualitative insight into the U(1) problem and related issues. For example, we
have shown how the vanishing of a quark masses would cause the topologically susceptibility
to vanish, independent of any discussion of the theta angle  of QCD. From this, the
Witten-Veneziano relations follow. In QCD, it is difficult to study the contribution of non-
perturbative effects, because one cannot turn off the anomaly except by taking No — oo.
In the holographic model there are two additional parameters, x and Aqcp which can be
separately dialed, giving us new handles on the anomaly. We also showed that the non-
perturbative contribution to the topologically susceptibility, which can be represented with
an instanton calculation, has a direct analog in AdS. The same Bessel functions appear in
both cases, and the integral over instanton size is replaced by an integral over the extra
dimension. Instead of having to invoke a separate cutoff to regulate the IR divergence, we
naturally use the same IR cutoff we would have in a non-anomalous theory.

This solution to the U(1) problem demonstrates the versatility of the bottom-up
AdS/QCD approach. It also emphasizes that AdS is not just a complicated way of phras-
ing the predictions of chiral perturbation theory — the 1’ mass is simply a free param-
eter in the chiral Lagrangian. Although our effective description is non-renormalizable,
higher-dimension operators are quantitatively irrelevant for the observables in question,
as is expected from naive dimensional analysis. It is therefore likely that through fur-
ther application of the AdS/QCD correspondence, additional quantitative and qualitative
information about the non-perturbative structure of gauge theories can be derived.
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